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Abstract 
Bonding damage of steel bar in beams leads to severe degradation of load transferring capacity which usually affects 
the performance of the construction. However, bonding damage is difficult to detect because of its characteristics. It 
is generally known that force-based finite elements are superior to stiffness-based finite elements due to the fact that 
the force interpolation functions can reproduce the variation of elemental internal forces accurately. In this paper, a 
force-based beam finite element is formulated and a bonding damage detection methodology based on this element is 
proposed. A concrete beam reinforced with steel bar under a static load is investigated numerically. The bonding 
damage can be detected with the proposed method. The analysis results also show that the force-based element is one 
of the most practical and efficient finite element models that can represent the bonding damage of steel bars in the 
beam very accurately. 
© 2011 Published by Elsevier Ltd.  
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1. INTRODUCTION
Reinforced concrete is the most popular construction material, and the bonding between the steel bar and 
concrete is an important indicator of the reinforced concrete load-carrying capacity of the mechanical 
system. Bonding has been investigated by many researchers and several bond models have been proposed 
* Corresponding author: Email: cesslaw@polyu.edu.hk 
† Presenter: Email: 09900111r@polyu.edu.hk 
1877–7058 © 2011 Published by Elsevier Ltd.
doi:10.1016/j.proeng.2011.07.147
Procedia Engineering 14 (2011) 1174–1182
Open access under CC BY-NC-ND license.
Open access under CC BY-NC-ND license.
K. LIU et al. / Procedia Engineering 14 (2011) 1174–1182 1175
(Berto et al. 2007; Jendele and Cervenka 2006; Haskett 2008). Others (Spacone and Limkatanyu 2000; 
Salari and Spacone 2001) have shown the importance of including the bond slip in the response 
calculation of reinforced concrete structures. Limkatanyu and Spacone (2002) have presented the general 
theoretical framework of the displacement-based, force-based, and mixed formulations of reinforced 
concrete frame elements with bond slip in the reinforcing bars. Static test data has been used to identified 
the bonding damage (Zhu and Law 2007), and de-bonding can be detect in a displacement-based interface 
finite element. The reduction of the elastic modulus of concrete and the bonding interface modulus are 
defined as the damage indices.  
Static equilibrium equation is only associated with the stiffness properties of structures, and therefore 
static damage identification methods can be implemented easily. Extensive investigations (Banan and 
Hjelmstad 1994) have been conducted on the parameter estimation of structures with incomplete set of 
applied forces and displacements by a recursive quadratic programming method. This method has since 
been applied and extended by many researchers (Liu and Chian 1997; Wang et al. 2001; Paola and Bilello 
2004; Zhu and Law2007; Zhu et al. 2009) to identify the damage of structures. 
The forced-based finite element has its own benefit compared to the displacement-based finite element as 
its accuracy is independent of the displacement interpolation functions. The bonding damage detection 
could be represented much better with this kind of finite element model. In this paper, the formulation of 
a new layered force-based beam finite element is outlined. A damage detection methodology is then 
proposed to detect the bonding damage in the reinforced concrete beam. Numerical simulations show that 
the method can detect single and multiple damages effectively even with noisy measurements. 
2. FORCE-BASE BEAM ELEMENT 
2.1. Equilibrium and Compatibility 
An infinitesimal length of the beam element is shown in Figure 1. 
Figure 1: Infinitesimal length of the element with bonding. 
In Figure 1, the steel bars at the bottom and top of the beam are considered as two equivalent steel layers. 
The subscripts bottom and top represent, respectively, the bottom and top of the beam, and the subscript s
and b represent, respectively, the steel bars and the corresponding bonding interface. The force 
equilibrium of the beam segment gives: 
      0T Tb bD x D x p xw  w                                                                                                                (1) 
where D(x)={NB(x) MB(x) Ns,bottom(x) Ns,top(x)}T is the sectional force of the beam element; 
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Db(x)={Db.bottom(x) Db,top(x)}T is the bonding interface force; p(x)={0 py(x) 0 0}T is the load vector.  
The displacement vector of the section is u(x)={uB(x) vB(x) us,bottom(x) us,top(x)}T, and the corresponding 
deformation vector of the section is d(x)={İB(x) țB(x) İs,bottom(x) İs,top(x)}T. db(x)={us,bottom(x) us,top(x)}T is 
the bond-interface slip vector, where ub,bottom(x) and ub,top(x)  represent, respectively, the bond-interface 
slip around the steel layers at the bottom and the top of the beam. Therefore 
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Operators w and w b are shown in equation (3). 
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2.2. Force-based beam element 
In this paper, the force-deformation relation can be expressed in the force-domain as follows: 
     
     
B
b b b
d x f x D x
d x f x D x
 
 
                                                                                                                            (4)
where fB(x) and fb(x) are the beam sectional flexibility and bond interface flexibility matrices, respectively. 
The beam sectional stiffness and bond interface stiffness matrices are expressed as: 
   
-1
1
, ,
-1
, ,, ,
, ,
0
0
0 0
,
00
0
0
b bottom s bottom
B b
b top s tops bottom s bottom
s top s top
EA
EI E P
f x f x
E PE A
E A

ª ºª º
« »« » ª º« »¬ ¼
  « »« »
ª º ¬ ¼« »
« »« »
¬ ¼¬ ¼
                    (5) 
where E is the elastic modulus of the concrete, and A is the area of the concrete section; I represents the 
moment of inertia of the concrete section; Es,bottom(x), Es,top(x) and Eb,bottom(x), Eb,top(x) represent, 
respectively, the elastic modulus and the equivalent bond stiffness of the steel layers at the bottom and the 
top of the beam. Pb,bottom(x) and Pb,top(x) represent, respectively, the perimeters of the steel layers at the 
bottom and the top of the beam. The force-based beam finite element formulation can be obtained as 
follows: 
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Equation (6) can be written as 
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NBB(x), NBb(x), NbB(x) and Nbb(x) are the force shape function matrices adopted from Limkatanyu and 
Spacone (2002). Q  is the element nodal force without rigid body modes, and bQ is the bond interface 
force that can be expressed as  
1
b Bb bb bBQ F F F Q
                                                                                                                                   (8) 
The element stiffness matrix without rigid displacement modes can be determined 
11e
BB Bb bb bBK F F F F
ª º ¬ ¼                                                                                                                      (9) 
The element stiffness matrix with rigid displacement modes can be expressed as 
ee T
RBM RBMK T K T                                                                                                                                   (10) 
Matrix TRBM is derived from the equilibrium and compatibility conditions between the two systems with 
and without rigid displacement modes. 
3. Bonding damage idetification 
The bonding damage will be studied as follows with the equivalent steel layers and concrete undamaged. 
3.1. Damage Index 
The stiffness matrix of the damaged beam structure is assembled from the elemental stiffness matrix 
1
n eT T
ii RBM RBM i
i
K T T K T T
 
 ¦                                                                                                                          (11) 
where Ti is the transformation matrix of element nodal displacement that facilitates automatic assembly of 
global stiffness matrix from the constituent element stiffness matrices. The force-displacement relation of 
a damaged structure can be expressed as 
  F K K U U  ' '                                                                                                                        (12) 
where F is the force vector and U is a vector consisting of nodal displacement and angular rotations. K is
the stiffness matrix of the reinforced concrete sgtructure without damage and ǻK is the matrix of stiffness 
reduction due to bonding damage. U=K-1F is the vector of displacement of the structure under load 
without bonding damage and ǻU is the vector of analytical displacement difference between the structure 
with and without damage. From equation (12), ǻU can be estimated from the following expression 
1 1 1 1 1U K KK F K K U K KK F    '  '  ' ' | '                                                                               (13) 
For the debonding damage in the steel bars, the change of stiffness, ǻK, are associated with the bond 
stiffness as 
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where n is the number of the element, and Kie is the ith element stiffness matrix; ǻEb,bottom and ǻEb,top
represent, respectively, the bonding modulus difference at the bottom and the top of the beam between the 
damaged and undamaged state, with 
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Substituting equations (14) and (15) into equation (13), the following equation can be obtained 
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In practice, only a small number of displacements are measured. Let Q be a Boolean matrix that extracts 
the vector of measured response from the complete displacement difference between the states with and 
without bonding damage. The error between the vectors of calculated and measured displacement 
difference of structure is given as  
 b se Q U UD  ' '                                                                                                                             (18)
where ǻUs is the difference between the measured displacement with and without bonding damage.  
3.2. Algorithm of bonding damage identification 
The algorithm to identify the bonding damage is based on minimization of the least-squares error function 
in equation (18), and it can be solved with the recursive quadratic programming method. The above 
model can further be cast into the following quadratic programming problem for determining the damage 
indices 
  1 1
2 2
T T T
b b b b s sMinimizeJ A C U UD D D D   ' '                                                                         (19) 
where A=(QK-1ǻKK-1F)T(QK-1ǻKK-1F) and C=-ǻUsTQK-1ǻKK-1F; Įb is subject to 0<Įb<1. The algorithm 
to deal with this quadratic programming problem has been presented (Goldfarb and Idnani 1983). 
4. VERIFICATION WITH NUMERICAL SIMULATIONS 
A 4-m-long uniform rectangular reinforced concrete beam simply supported at both ends has a beam 
cross-section of 300 mm high and 200 mm wide. There are three 16-mm-diameter mild steel bars at the 
bottom of the beam, and two 6-mm-diameter steel bars at the top of the beam section. 6-mm diameter 
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mild steel links are provided at 195 mm spacing over the whole beam length. The density, tensile strength, 
elastic modulus, and Poisson Ratio of concrete are respectively 2351.4 kg/m3, 3.77 MPa, 30.2 GPa and 
0.16. The elastic modulus of the mild steel bars is 181.53GPa. The beam is divided into twelve equal 
finite elements between supports. The bonding stiffness of 9.05 MPa/mm is used in the calculation. 5kN
static force is applied in the static tests. 
4.1.  Case 1: Local bonding loss identification with different load position 
Three different kind of bonding damages are simulated as in a single element, in a group of adjacent 
elements, and in two separate elements. Five sensors are distributed evenly along the beam to measure the 
static displacement responses under the static load, and different static load positions are studied in this 
case. Results in Figures 2 to 4 show that the identified bonding damage indices Įb, are very close to the 
true value and load position has no significant effect on the detection results.  
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Figure 2: Identified Single bonding damage from different load location. 
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Figure 3: Identified multiple bonding damages in a zone from different load location. 
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Figure 4: Identified Separated local bonding damage from different load location. 
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Figure 5: Identified Single bonding damage with different noise level. 
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Figure 6: Identified multiple bonding damages in a zone with different noise level. 
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Figure 7: Identified Separated local bonding damage with different noise level. 
Although the stiffness contribution from the bonding is very small, the bonding damage can be identified 
accurately according to this model. It can be concluded that the bond interface force distribution can be 
estimated satisfactory. 
4.2. Case 2: Local bonding loss identification with different noise level 
The parameters are the same as those used above. Different noise levels are adopted from normal random 
noise generated for this purpose. The static load is applied at one third of the beam length. The identified 
results are shown in Figures 5 to 7.  
The results show that the identified bonding damage indices are very close to the true values. The random 
noise does affect the results for damage in adjacent elements in a zone as shown in Figure 6. However, 
this can be improved to have acceptable results when eleven evenly distributed sensors are used. 
5. Conclusions 
A force-based beam finite element beam model is formulated for the condition assessment of a reinforced 
concrete beam with a static approach. The de-bonding of the steel bars in a beam element can be detected 
with the proposed method. Numerical simulations show that this beam model is more appropriate for the 
accurate identification of bond interface force distribution. The multiple bonding damages in a zone are 
more difficult to detect than separate local debonding and more sensors are required for a good accuracy.  
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